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ABSTBACT 

The  operation  of  traveling-wave  tubes  is  affected  "by  the  IX! 
ma^etic  field  used  for  focusing  the  'beam.     A  full  theoretical  analysis 
of  this  effect  is  herein  presented.     The  Maxwell  equations  are  solved 
for  the  field  configuration  of  the  modes  of  the  system.     The  cylindrical 
sheath  houndary  conditions  are  applied  at  the  helix,   and  appropriate  con- 
ditions at  the  heam  radius.     A  transcendental  equation  is  derived  whose 
roots  are  the  propagation  constants  of  the  modes.     This  equation  is  re- 
duced "by  an  approximation  procedure  to  a  quintic.      It  is  proven  that 
this  quintic  has  at  least  three  real  roots,   so  no  new  amplified  waves 
are  generated.     A  numerical  analysis   of  the  roots  of  the  quintic  will 
appear   in  a  future  report. 
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I,  Introdactlon 

la  the  normal  maimer  of  operation,  the  electron  beam  of  a  trarellng 
vare  tuhe  is  constrained  1)7  a  static  longitudinal  magnetic  field.  Most  prerl- 
oas  analyses  of  the  tahe  have  assumed  that  this  magnetic  field  Is  Infinitely 
strong,  so  that  all  radial  motion  of  the  electrons  Is  suppressed.   In  eustuallty 
soma  radial  motion  does  occur,  and  Itw  effect  Is  most  narked  at  rery  hl^  fre- 
quencies.  In  this  paper  a  full  theoretical  Investigation  of  the  magnetic  field 
effects  will  he  carried  out.  Btunerleal  analysis  of  the  results  will  he  deferred 
to  a  later  paper.  A  distortion  of  the  gain  frequency  curve  has  actually  heen 
noted  experimentally  ^^ '  ^^^. 

A  partial  analysis  of  the  magnetic  field  effects  has  heen  doTeloped 
hy  Pierce^-".  He  assumes  that  the  electron  beam  Is  rlhb on-shaped,  so  thgt  the 
motion  takes  place  In  one  longitudinal  and  one  tremsTerse  coordinate.  With 
this  and  sereral  other  assumptions,  he  derives  for  the  modes  of  the  system 
an  equation  which  Is  of  the  fifth  degree  Instead  of  the  usual  cuhlc.  However, 
the  coefficients  In  this  qulntlc  equation  Involve  an  unknown  pEO'smeter,  which 
is  the  ratio  of  the  transverse  electric  field  to  the  longitudinal.  This  para- 
meter can  only  be  fixed  hy  comparison  with  experiment. 

This  paper  starts  with  the  ten  equations  which  govern  the  behavior 
of  the  system  In  cylindrical  coordinates.  It  is  assumed  that  there  is  no  angular 
dependence,  and  the  standard  cylindrical  sheath  assumption  is  used  to  simplify 
the  honndary  conditions.   In  Section  H,  the  ten  equations  are  solved  to  obtain 
the  ftmetional  form  of  the  system  variables.  In  Section Q,  the  boundary  condi- 
tions are  applied  to  obtain  the  transcendental  equation  satisfied  by  the  propaga- 
tion constants  of  the  modes  of  the  system.  Up  to  this  point  the  effect  of  the 
AC  magnetic  field  of  the  beam  has  been  included.  A  "non-relativistic  transition" 
is  now  performed,  in  which  terms  of  the  order  of  magnitude  of  (v/c)  ,  where  v  is 
the  electron  velocity,  are  dropped.  This  results  in  a  much  simplified  transcen- 
dental equation. 

In  Section  rV  this  transcendental  equation  is  reduced  to  an  algebraic 
equation,  using  the  method  developed  by  Friedman  .  The  resulting  equation  is 
also  a  qulntlc,  which  may  be  rendered  identical  with  Pierce's  by  a  suitable 
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nomenclature.  However,  the  arbitrary  feature  of  Pierce's  theory  is  removed,  since 
£dl  the  coefficients  of  the  quintie  are  derived  here  from  fundamental  field  theory. 
The  necessary  namerlceJ.  analysis  and  comparison  vith  experiment  vill  appear  in  a 
future  report,  hut  it  is  proven  that  no  new  amplified  waves  sure  generated. 

II.  Solution  of  the  Field  Bquatlons 

The  system  is  govemad  hy  ten  equations.   First  there  are  the  six  Maxwell 
equations.  Then  there  are  the  three  Lorentz  force  equations,  and  finally  the  equa- 
tion of  eontinaity.  The  three  equations  relating  current,  charge,  and  electron 
velocity  may  he  viewed  as  definitions  of  the  current  components,  and  only  add  re- 
dondancy  to  the  system.  In  these  equations  the  variahles,  iiriaich  will  he  denoted 
hy  circumflexed  letters,  represent  toteJ.  field  vstriahles,  including  both  AC  and 
DC  coioponents.   The  equations,  in  MZS  units,  are: 

^"i  "»•  P-     -TZ   £  =  0  (2.1a) 

06   — 

7XH  -  €  TT    ^     =  p  V  (2.1h) 

— »       o*  — *      — * 

m^T  =  miir-^T   '^^'  »d-^  ^^/E)  (2.1c) 

V  .  pv  +  |r  P  -  0  .  (2.1d) 

ot 

These  equations  may  he  separated  into  BC  and  AC  components.   It  will  he 
assumed  that  in  the  absence  of  AC  fields,  the  electron  beam  is  perfectly  colll- 
mated  and  of  cylindrical  cross-section  of  radius  b.  Furthermore,  the  presence  of 
a  small  amount  of  residaal  gas  in  the  tube  will  effectively  neutredize  the  fields 
produced  by  the  TIC   space  charge  in  the  beam.   The  entire  tube  will  be  immersed 
in  a  static  magnetic  field  of  strenghth  H  directed  along  the  axis  of  the  tube. 
Since  there  is  no  initial  radled  or  angular  motion,  none  will  develop  if  DC  space 
charge  forces  are  neglected.  All  DC  quantities  will  be  denoted  by  a  subscripted 
zero,  idiile  AC  quantities  will  be  denoted  by  primed  letters  and  a  factor  e^   . 
Since  the  equations  contain  nonlinear  terms,  harmonics  will  be  produced  in  the 
beam.  These  will  be  neglected;  hence  the  theory  presented  in  this  report  will 
be  restricted  to  a  small  signal  analysis.  The  separation  is  accordingly: 

±=^e^'^  (2.2a) 

H«H^1.  *H'e^"*  (2.2b) 


P«  *P' 


.i*"*  (2.2c) 


0 
i  =%  1  *  ▼'  •^''*.  ^2.2d) 
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I,  Intro dnctlon 

In  the  normal  manner  of  operation,  the  electron  heam  of  a  trarellng 
ware  tuhe  is  constrained  hy  a  static  longitadinal  ma^etic  field.  Most  prerl- 
ous  analyses  of  the  tube  have  assumed  that  this  magnetic  field  is  infinitely 
strong,  so  that  all  radial  motion  of  the  electrons  is  suppressed.   In  actuality 
some  radied  motion  does  occur,  and  it*  effect  is  most  marked  at  rery  hi^  fre- 
quencies.  In  this  paper  a  full  theoretical  investigation  of  the  magnetic  field 
effects  will  he  carried  out.  Somerical  analysis  of  the  results  vill  he  deferred 
to  a  later  paper.  A  distortion  of  the  gain  frequency  curve  has  actually  heen 
noted  experimentally  ^^ '  ^^ . 

k  partial  analysis  of  the  magnetic  field  effects  has  been  developed 
by  Pierce'-^-',  He  assumes  that  the  electron  beam  is  ribbon-shaped,  so  thpt  the 
motion  takes  place  in  one  longitudinal  and  one  transverse  coordinate.  With 
this  and  several  other  assumptions,  he  derives  for  the  modes  of  the  system 
an  equation  which  is  of  the  fifth  degree  instead  of  the  usual  cubic.  However, 
the  coefficients  in  this  quintic  equation  involve  an  unknown  parameter,  which 
is  the  ratio  of  the  transverse  electric  field  to  the  longitudinal.  This  para- 
meter can  only  be  fixed  by  comparison  with  experiment. 

This  paper  starts  with  the  ten  equations  which  govern  the  behavior 
of  the  system  in  cylindrical  coordinates.   It  is  assumed  that  there  is  no  angular 
dependence,  and  the  standard  cylindrical  sheath  assumption  is  used  to  sisplify 
the  boundary  conditions.   In  Section  H,  the  ten  equations  are  solved  to  obtain 
the  ftmetional  form  of  the  system  variables.  In  Section Q,  the  boundary  condi- 
tions are  applied  to  obtain  the  transcendental  equation  satisfied  by  the  propaga- 
tion constants  of  the  modes  of  the  system.  Up  to  this  point  the  effect  of  the 
AC  ma^etic  field  of  the  beam  has  been  included.  A  "non-relativistic  transition' 

o 

is  now  performed,  in  which  terms  of  the  order  of  magnitude  of  (v/c)  ,  where  v  is 
the  electron  velocity,  are  dropped.  This  results  in  a  much  simplified  transcen- 
dental equation. 

In  Section  TV  this  tremscendental  eouation  is  reduced  to  an  algebraic 

*  M 
equation,  using  the  method  developed  by  Friedman  .   The  resulting  equation  is 

also  a  quintic,  which  may  be  rendered  identical  with  Pierce's  by  a  suitable 
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nomenclature.  However,  the  arbltrarj  feature  of  Pierce's  theory  is  removed,  since 
all  the  coefficients  of  the  qaintlc  are  derived  here  from  fundaoented  field  theory. 
The  necessary  namericeJ.  analysis  and  comparison  vlth  experiment  will  appear  in  a 
future  report,  hut  it  is  proven  that  no  new  aurpllfied  waves  are  generated. 

II.  Solution  of  the  Field  Bcroations 

The  system  is  governed  hy  ten  equations.   First  there  are  the  six  Maxwell 
equations.  Then  there  are  the  three  Lorentz  force  equations,  and  finally  the  equa- 
tion of  continuity.  The  three  equations  relating  current,  charge,  and  electron 
velocity  may  "be  viewed  as  definitions  of  the  current  components,  and  only  add  re- 
dondancy  to  the  system.   In  these  equations  the  variables,  iirialch  will  he  denoted 
"by  circumflexed  letters,  represent  total  field  variables,  including  both  AC  and 
DC  components.   The  equations,  in  HIS   units,  are: 


dt 

$  . ,  I-  I  =  a  ^  (2.1D) 


7x^  +  ^l  -|r  £  =  0  (2.1a) 


^''l  -  ^  at  -^  '  P^ 

a  :^v  =  m(|r+  ▼  -^v'  «(i*  ^^i^H)  (2.1c) 

dt  -»     ot   — *    -^ 

7  .  ^^  *  If  P  -  0  .  (2.1d) 

These  equations  may  be  separated  Into  DC  euid  AC  components.   It  will  be 
assumed  that  in  the  absence  of  AC  fields,  the  electron  beam  is  perfectly  colli- 
mated  and  of  cylindrical  cross-section  of  radius  b.  Turtheraore,  the  presence  of 
a  small  amount  of  residual  gas  in  the  tube  will  effectively  neutralize  the  fields 
produced  by  the  DC  space  charge  in  the  beam.   The  entire  tube  will  be  immersed 
in  a  static  magnetic  field  of  strenghth  H^  directed  along  the  axis  of  the  tube. 
Since  there  is  no  initial  radial  or  angalar  motion,  none  will  develop  If  DC  space 

charge  forces  are  neglected.  All  DC  quantities  will  be  denoted  by  a  subscripted 

io»t 
zero,  while  AC  quantities  will  be  denoted  by  primed  letters  and  a  factor  e"   , 

Since  the  equations  contain  nonlinear  terms,  harmonics  will  be  produced  in  the 

beam.   These  will  be  neglected;   hence  the  theory  presented  in  this  report  will 

be  restricted  to  a  small  signal  analysis.  The  separation  is  accordingly: 

j^=l.  e^"^  (2.2a) 

1«  Ho  ip"^-'^"*  (2.2b) 

p.  p  +p'ei'"*  (2.2c) 

'      0 
V  =  T^  1,  *  T  •  .i"* .  (2.2d) 
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Is  spoilad  here  "by   the  ma^natie  coupling  terms  h  ▼  and  h  t^  In  the  force  eana- 

0  r      0  w 

tlon,  vhlch  terms  cause  the  tvo  types  of  wares  to  he  coupled.  The  result  of 
this  ellainatlon  of  trsmsrerse  fields  is: 


H_ 


P   "- 


dE 


pi-         -J 


42-  k2 


(2.8a) 

(2.8h) 
(2.8c) 
(2.8d) 
(2.8e) 


Next,  these  results  are  substituted  Into  Equations  (2.7h)  and  (2.71). 

This  yields  two  equations  which  enable  us  to  escpress  t  and  ▼.  in  terms  of  the 

r     B 

longit^adinal  field  components  E  and  H  ,  or  rather  their  radial  derivatives.  Also. 

z  z  • 

Equation  (2.7j)  enables  us  to  express  v  In  terms  of  E  .   The  determinant  of  the 

T  ,  T^  eq-oations  will  occur  sufficiently  often  to  warrant  a  special  symbol;  D  will 
r   u 

be  used.   This  determinant  is  given  by: 


r  =  h^  -  (k'-q)2(l  +  i^   )2, 


In  terras  of  D  the  solution  for  the  velocities  is  given  by: 

,2 

P' 


^  ,  j(k»-q) 
Dp 


J(q-k'p2)(i+  &!)   |l2 


-^olf^] 


Dp   L 


jP(k«-q)(l+  ^)  ^*\    (q-k'p2)  gj 


'] 


=  -  -L 


k«-q 


(2.9) 


(2.10a) 


(2.10b) 


(2.10c) 


With  the  velocities  now  obtained,  next  the  charge  density  may  be  found 
from  Equation  (2.7g).  The  result  of  this  simple  calculation  is 


P=  - 


>2   z 


-;^[^ 


(k'-q)       Dp   *-  p 


or   zj 


(2.11) 
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Up  to  this  point  the  transTerse  fields  and  all  the  electronic  components 
have  been  expressed  ■In   terms  of  the  longitudinal  fields.   We  are  now  ready  for  the 
grand  step  of  substituting  these  results  into  the  remaining  field  eqiiations  (2.7c) 
and  (2.7f ).  This  will  yield  wave  equations  for  the  system.  The  coefficients  in 
these  wave  equations  are  sufficiently  complicated  that  they  also  deserre  special 
symbols.  Therefore,  define: 

C,  -  h^  -  (k'-q)^(l  +  A-)  (2.12a) 

10  p^ 

C^  =  Ph^^(q-k'P^)/p2  (2.12b) 

C3  =  h^  -  I  (kt-q)2-h2(l.p2)l(i^  1^  )  (2.12c) 

n2  =  p2  ri_-^i-  1.  (2.12d) 


L     (k'-q)^  J 


The  last  symbol,  "h,  has  been  used  by  other  writers  to  represent  the  "radial  propa- 
gation constant"  within  the  beam.  Using  these  symbols  and  sklppimg  the  algebraic 
steps  necessary  in  the  reduction,  we  obtain  the  following  ware  equations  for  the 
system: 


C,  ^  IrrlrH  -Dp^H  -  JC  l|-r|-I  (2.13a) 


C,  -|-r|-E  ~T)>h     =  -JC,  i  |-  r  |- H  .  (2.13b) 

3  r  3r   dr  X     *■  z    **  2  r  or   or  z 

Thus,  we  have  two  coupled  second  order  differential  equations  for  the  longitudinal 

field  components.  Although  partial  derivative  signs  appear,  the  functions  E  and 

z 

H  which  appear  from  Equation  (2,7)  on  depend  only  on  r,  since  both  the  9  and  z 
dependence  have  been  factored  out.  The  equations  are  thus  actually  ordinary  differ- 
ential eqiiations. 

The  Equations  (2.13a)  and  (2.13b)  may  be  solved  very  simply.  Try  the 
solution: 

E  =  AI   (ax)  (2,1^) 

t  o 

H  »  BI   (or).  (2,l^b) 

z     0 

The  possible  other  solution  Z^iax)   is  rejected,  since  we  are  dealing  with  a  solid 

cylindrical  beam  and  ^^(Qur)  becomes  infinite  at  r  =  0.  This  other  solution  must 

of  course  be  kept  outside  the  beam.  When  the  trial  solution  (2.1^)  is  inserted 

into  the  differential  equations  (2,13),  the  following  pair  of  algebraic  equations 

results: 
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(C^a^  -  Dp^)  B  -  JC^a^  A  =  0  (2.15a) 

jCga^B  +  (C^a^  -  D>^^)  A  =  0.  (2.15^) 

In  order  that  these  eqiiations  have  a  eolution  other  than  A=B-0,  their  determinant 
must  vanish.  Accordingly  there  results  for  a  the  fourth  defjree  equation: 

(C^C^  -  G\)a    -  D(C^n.^  +  C^^)a^  +  D^V  =  0.  (2.16) 

2 

This  may  "be  solved  directly,  yielding  two  possi'bilities  for  a  : 

a^   =  DFc^n^  *  V^  *i  ^^l"^^  "  V^^^  "*■  ^^ZP^'I^I  ^^^/2(CiC3  -  C^)        (2.17a) 

4  =  ^[^l"^^  *  V^  "  1  ^^1^  -   V^^^  *  ''^Z^V]  ^''^/2(CiC^  -  C^)  .       (2.17b) 

These  expressions  are  purely  real.  Since  the  Bessel  function  I  (or)  involves  only 

2 

even  powers  of  a«  only  the  positive  signs  need  te  taken  in  finding  a  from  d  ,  since 

1 

the  negative  signs  do  not  yield  new  solutions. 

Accordingly,  for  a  given  value  of  q,  there  are  two  corresponding  values 

for  the  radial  propagation  constant.  The  sittiation  is  somewhat  analogous  to  the 

situation  in  the  customary  theory,  in  which  E  has  the  radial  propagation  constant 

z 

h  ,  while  H  has  the  radial  propagation  constant  p.   It  is  easily  shown  that  in  the 
limit  h  ->oo,  which  corresponds  to  the  customary  theory,  o-  approaches  ^j^,  and  a^ 
approaches  p.  Tor  finite  values  of  h  ,  a  mixture  of  the  two  solutions  mast  he  used, 
which  of  course  is  appropriate  to  the  coupled  system.   Accordingly,  there  are  two  pt- 
hitrary  constants  in  the  solution,  which  may  he  used  to  satisfy  the  "boundary  conditions. 

It  is  now  possible  to  write  out  all  the  field  components  in  terms  of  the 
radial  propagation  constants  a_  and  a  and  the  two  arhitrary  constants,  which  will 
he  taken  to  "be  the  coefficients  of  I  (a.r)  and  I^(a-r)  in  E  ,  This  provides  a  solu- 

0   i  0   <i         z 

tion  to  the  field  equations  within  the  beam.   Outside  the  beam,  a  solution  of  the 
ch?rge-free  field  equations  must  be  employed.  To  save  very  much  writing,  only  that 
pert  of  the  interior  solution  which  involves  a.  will  be  written  down.  Hence,  to  the 
solution  ap-nearing  in  the  following  Equations  (2.18)  must  be  added  a  solution  obtain- 
ed by  replacing  ql  everywhere  by  a^,  A.  by  A  ,  and  keeping  everything  else  unchanged. 
A  subscripted  i  denotes  inside  the  beam.  The  solution  is: 

E^i  =  A^I  (a^r)  _  (2.18a) 


,   .  J-  Tn  -.  k'pV(k'-q)(q-k'e^)  4-P^-^^^ 
2r^  2  «2^2 


PL  P  C^o^-Dp 


a^A^I^(oLj^r)  (2.18b) 


Cj^Oi^-Dp 
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qc. 


V  — 


2TT  Vi^iK''^ 


Cj^GLj^-Dp 


V  = 


2 

P 


,  ^  qh^(k'-a)(q-k'P^)  yP^-P^' 


2   2 

C^a^-Dp 


a^A^Il(V) 


(2.l8d) 


(2.l8e) 


(2.l8f ) V 


A,I.(a^r) 


k'-q.   1  0 


,  2^2     Vl^lK^^ 
C^o^-Dp 


▼,s4  =  - 


'el 


Pi  = 


Jh^(q-k'p2)(aJ-p2) 
p2(C^a^-I)p^) 


d^A^I^Ca^r) 


-J 


,    2  2  o2,  2 
P^     p2      C,a^2.j^2     -L_ 


A^I^(c^r) 


(2.18g) 
(2.18h) 

(2.181) 
(2.18J) 


With  this  solution  and  the  associated  one  Involving  a.  and  A  ,  the  field 
qimntitles  within  the  besun  are  determined.  The  solution  (2.18)  must  he  properly- 
matched  to  a  solution  outside  the  "beam.  This  latter  solution  may  he  found  very  quick- 
ly. Since  "boundary  conditions  are  to  he  impressed  at  the  heam  radius,  at  the  helix, 
and  at  infinity,  two  external  solutions  are  needed:  one"  to  take  care  of  the  region 
between  the  beam  radius  and  the  helix,  the  other  between  the  helix  and  infinity.  These 
will  be  denoted  by  a  subscripted  m  and  o  respectively.   In  region  m,  both  kinds  of 
Bessel  functions  must  be  used,  but  to  satisfy  the  boundary  conditions  of  finiteness 
at  infinity  only  the  K-type  Bessel  f-onctions  may  be  employed  outside  the  helix,  and 
the  real  part  of  p  mast  be  positive.  The  solutions  are  : 

(2.19a) 


\m   =  ^3^0  ^P'^  *  Vo^P'^ 


\m  =  f   CVl^^'-^  -  ^^^^3 


^em  =  -  f  &3ii(P')  -  Vi^P^3 


B  ^  =  A-K  (pr) 


£ 


ro 


=  -^AK^(pr) 


E^r>  =  '^  B.K,  (pr) 
60   p   5  1'-^' 


(2.19b) 


(2.19c) 
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^«n  "   ^3^o^P'^  *  Vo^P'^  ^«o  =  Vo^P""^  (2.19d) 


H^ 


'|EA3li(pr)  -  A^K^(pra  =«o  =  "  '^  A^K^(pr)  (2.19f ) 


Tims,  the  solutionB  (2.l8)and  (2.19)  taken  together  contain  eight  arbitrary 
constants,  which  must  be  determined  from  "boundary  conditions.   Because  of  the  redun- 
dancy of  the  Maxwell  equations,  there  will  he  eight  linearly  independent  houndary 
conditions  to  impose.   Since  these  conditions  are  all  homogeneous,  a  determinantal 
epilation  must  be  satisfied  by  the  propagation  constant.   The  satisfying  of  the  bound- 
ary conditions  will  form  the  body  of  the  next  section. 
Ill,  Application  of  the  Boundary  Condttions 

It  is  necessary  to  impress  four  boundary  conditions  at  the  helix,  and  four 
conditions  at  the  beam.   Let  the  pitch  of  the  helix  be  w.  The  helix  conditions  will 
be  taken  to  be  the  standard  "helical  sheath"  conditions'--'.  Thus,  the  component  of 
electric  field  In  the  helical  direction  shall  vanish,  the  coniponent  of  electric  field 
in  the  helical  sheath  perpendicular  to  the  helical  direction  shall  be  continuous,  and 
the  component  of  magnetic  field  in  the  helical  direction  shall  be  continuous.   Thereby 
are  provided  the  four  conditions,  all  for  r=a: 

*^  C08»p  +  E^j,  siny  =  0  (3.1a) 

^00  ^^^"^   *  *20  ^^°^   ^  °  (3. It) 

-l^siajr  +  S^j„  cosrv  =  -B^^  sinv,,  +  E^^  cosy  (3.1c) 

H^n,  cos^tr  +  H^^  sin\»/  =  H^^  cos^  +  H^q  sim^r  .  (3.1d) 

The  first  three  of  these  equations  imply  the  continuity  of  E^  and  E  et 

w      z 

r=a.  Thereby  the  coefficients  A-  and  B-  are  determined,  and  the  outer  region  fields 
are  given  in  terms  of  the  middle  region  fields: 

I^(pe) 
^c   =  A.  =r-7--T  +  A^  (3.2a) 


Il(pa! 
"5  "   "^3  T^ 


I,  (pa) 
^c   =  -B,  T  f^^\   •*•  \   '  (3.2b) 
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Substitute  these  results  In  the  fourth  of  Eq.uations  (3.1).  When  this  is  done,  all 
terms  involving  A,  and  B.  cancel  from  the  equation,  leaving  a  relation  between  A 
and  B-.  This  may  be  solved  for  B  : 

„   ^   K, (pa) 
-  _   .jkcotw   1__  A  (T  ?^ 

Finally,  substitute  this  expression  into  the  first  of  Equations  (3.1).  This  produces 
a  relation  among  A_,  A.  ,  and  B.  ,  Define  a  function  G(pa)  by  the  equation 

lJpa)K^(p^l42^  Il(pa)K^(pa) 

0(pa)  =  2 .  (3.U) 

Kf(pa) 
Then  the  result  for  B^  takes  on  the  simple  form: 

K  (pa) 


\  =  - 


J^  ^     [A,-a(pa)A3].  (3.5) 

The  properties  of  the  function  G(pr)  have  been  discussed  by  Friedman  ^ -^ . 

Up  to  this  point,  four  of  the  eight  arbitrary  constants  have  been  eliminated, 
leevin,?  only  A  ,  A  ,  A-,  and  A.  .  To  determine  these,  it  is  necessary  to  impose  condi- 
tions at  the  boundary  of  the  beam.  This  immediately  raises  the  question:  just  where 
is  the  boundary  of  the  beamT  Because  of  the  action  of  the  high-frequency  space  charge 
radial  forces,  which  are  here  not  completely  suppressed  by  the  static  magnetic  field, 
the  beam  will  alternately  expand  and  contract.  A  point  near  the  undisturbed  radius 
r=b  will  find  itself  Inside  the  beam  at  certain  times  and  outside  the  beam  at  other 
times.  The  analysis  of  such  a  situation  is  patently  inpossible.  Accordingly,  an 
approximate  description  of  the  state  of  affairs  must  be  sought.  This  description  was 
found  during  the  course  of  an  investigation  of  klystron  theory  by  Feenberg  ^  -J . 

Feenberg's  basic  idea  is  to  make  consistent  use  of  the  fact  that  the  system 

is  being  treated  by  a  small  signal  analysis.  Consider  an  electron  which  extends  at 

2=0,  t=0  at  the  radl\is  r=b.  At  the  time  t,  it  will  have  reached  a  position  r,z,  ^iven 

by:  ^ 

r  =  b  +  V  /  V  (r',z')  e-^^^'dt'  (3.6a) 

0  ''o   r   ' 


Z  =  V 

o 


t  +  V  /  V  (r'.z«)e-''"*'dt'.  (3.6b) 


In  Eqoptions  (3.6),  the  normalized  velocities  have  already  been  introduced.  The  quan- 
tities r',  z'  imply  that  the  integral  in  (3.6)  is  to  be  taken  along  the  path  of  the 
electron,  and  its  actual  position  r',7. '  at  the  time  t'  is  to  be  put  into  the  integral. 


-  u  - 

How  remsmber  that  the  analysis  is  small  signal.  Therefore,  in  the  arguments  r',  z' 
of  T  and  T  ,  r*  aiay  he  replaced  hy  h,  and  z'  hy  r  t',  since  therehy  only  second 
order  terms  are  neglected.   The  e'  dependence  is  as  e  "^^  ,  whence  the  effective 
radial  displacement  of  the  electron  is  given  hy: 

r-h4T^(T,)/'  ,J<^'-^)*'dz.  (3.7fe) 

-  h  *  v^(h)  [e^^^'-*^^"-ll/j(k'-ii).  (3.7b) 

Thnfl,  the  undlstiirhed  beam  is  surrounded  hy  a  ring  of  charge,  in  which  the 
thickness  of  this  ring,  being  proportional  to  v  (b),  is  a  first  order  quantity.  Boun- 
dary conditions  should  he  Impressed  both  on  the  inside  and  outside  of  the  ring.   How- 
ever, in  view  of  the  small-signal  assunptlon,  the  ring  may  be  replaced  hy  a  surface 
charge  at  r«h,  in  which  the  amount  of  stirface  charge  is  the  amount  of  charge  between 
r=h  and  r  given  hy  (3»'^)*     With  this  surface  charge  is  associated  a  surface  current, 
of  which  only  the  E-cosponent  will  he  a  first  order  quantity.  The  houndary  condi- 
tions to  be  impressed  are  that  the  tangential  electric  and  normal  magnetic  fields  he 
continuous  while  the  noraial  electric  and  tangential  magnetic  fields  siiffer  discontin- 
uities respectively  proportional  to  the  surface  charge  density  and  to  the  surface 
current  density.  The  proportionality  constants  are  determined  hy  a  consideration  of 
the  units  In  which  the  fields  are  measured.  The  resulting  houndary  conditions  hecome, 
at  r«=h, 

(3.ea) 

(3.8h) 

(3.8c) 

(3.8d) 

V  V  "  ^Si/-5^^'-^^  (3.8e) 

=em  -  ^ei  =  Ph%^/J(k •-<!).  (3.8f) 

The  continuity  of  H  arises  from  the  fact  that  the  quantity  acttially  pro- 

z 

portional  to  the  surface  current  density  is  1  x  H,  where  1  is  the  unit  radial  vec- 
tor,  gmd  since  the  surface  current  density  has  only  a  z-component,  only  the  ©-compon- 
ent of  ^  will  he  discontinuous.  Now  Zquptions  (3.8h)  and  (3.8c)  have  the  same  mathe- 
netical  content  in  view  of  the  field  Equation  (2.7a)  which  is  satisfied  hoth  inside 
and  outside  the  heam.   Similarly,  the  discontinuity  in  H.  is  determined  from  the  dis- 
continuities in  K  and  v  hy  the  field  Equation  (2.7d),  with  which  (3.8e)  and  (3.8f ) 
are  consistent.   Hence  (3.8f )  provides  no  further  restriction  once  (3.8e)  is  Imposed. 
Thus  the  six  Equations  (3.8)  are  really  only  four  equpt ions, which  can  determine  the 


'.1 

s 

^» 

%1 

s 

'e- 

«rl 

- 

V 

^1 

=: 

^- 
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four  constants  A. ,  A-,  A_,  and  A. ,   It  will  be  noted  that  a  constant  term  in  the 
radial  displacement  eiv«n  "by  (3.7)  l^as  been  omitted  in  writing  the  Eqtuations  (3.8). 
This  constant  term  arises  from  initial  conditions,  which  we  have  not  attempted  to 
satisfy.   If  it  were  kept,  the  modes  of  the  system  would  have  to  satisfy  a  compli- 
cated "consistency  condition",  the  effect  of  which  has  been  treated  for  klystrons 
by  Teenberg  '-  ■' ,  «md  which  produces  only  small  corrections.  Also,  since  we  are 
mainly  interested  in  amplified  waves,  the  constant  term  in  the  radial  displacement 
will  be  small  in  magnitude  compared  to  the  exponential  term.   The  Equations  (3.8) 
may  accordingly  be  considered  to  represent  the  state  of  affairs  at  a  considerable 
distance  down  the  tube  from  the  point  of  initiation  of  the  electrons  and  the  waves. 

Some  algebraic  simplifications  may  be  performed  when  the  field  solutions 
(2.18)  and  (2.19)  are  substituted  into  the  Equations  (3.8).   In  particular,  the  com- 
bination of  radial  electric  field  and  radial  velocity  appearing  in  (3.8e)  simplify 

very  much.   It  is  also  convenient  to  introduce  a  function  J (pa),  defined  by: 
,   .   K, (pa) 

0 

This  function  E(pa)  =  JE  (a)/H  (a),  and  hence  represents  an  effective  longitudinal 

z     z 

Impedance  for  the  helical  wire.  Upon  including  the  terms  in  A  in  the  field  solu- 
tions (2.18),  substituting  into  (3.8),  and  maJcing  the  possible  simplifications,  we 
obtain  the  following  four  simultaneous  equations  for  the  foTir  constants  A  ,A  ,A_,A. : 

A^I^(a^b)  +  A2l^(a2b)  =  A^I^(pb)  +  A^K^(pb)  (3.10a) 


°2''l^l^l^V^  '^2V2^1^°-2^^  ^^3^1  (P^)        (Aj^-GA^)K^ 

2        2  2       2  ^  "         D  ~  TaF 


(pb) 


(3.10b) 


C-ofA.I    (a-b)  Cj,a5A    I    (a_b)  (A.-GA   )K    (pb) 

TTTP-    *   ;2'^!2     '       =  ''SV^^^  *  ^     '  (3.10C) 


>l2 


i^i<V>  ^  ViM' 


^  ^2 


=  A^I^(pb)   -  Aj^K^(pb).  (3.10d) 


The  equivalence  between  (3.8)  and  (3.10)  is  that  (3.10a)  corresponds  to  (3.8a),  (3.10b) 
to  (3.8b),  (3.10c)  to  (3.8d),  and  (3.10d)  to  (3.8e). 

The  Equations  (3.10)  are  four  simultaneous  linear  homogeneous  equations  for 
the  four  unknowns  A.,  A  ,  A^,  and  A^.     For  a  nontrivlal  solution  to  exist,  the  deter- 
minant of  the  four  equations  must  vanish.  This  provides  a  transcendental  equation  for 
the  propagation  consteoxt  q  which  determines  the  possible  free  modes  of  the  system. 
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Although  Xquatlon  (3*15)  Is  noeh  simpler  than  the  fiill  equation  derived 
from  the  Tanlshing  of  the  determinant  of  Zquatlona  (3.10),  it  la  ttill  a  rather  in- 
TolTdd  e^Tiation  to  deal  vlth  ai  far  as  oomplez  roots  are  concerned.  Hence,  it  would 
he  desirable  to  reduce  (3.15)  to  an  algebraic  equation.   The  method  of  dding  this 
has  been  Indicated  "bj  Friedman^  -^ ,  who  reduced  Iqaatlon  (3.16)  to  a  cubic.   In  the 
next  section,  the  method  will  he  applied  to  (3.15),  which  will  therehy  he  reduced 
to  a  qulntic. 

IT.  Reduction  of  the  Transcendental  Equation 

The  hasie  idea  of  Friedman's  method  is  to  regard  the  roots  of  the  trans- 
cendental equation  in  the  presence  of  the  heam  as  small  perturhaticns  of  the  roots 
in  the  absence  of  the  beam.   Hence,  the  roots  are  expanded  in  powers  of  the  current, 
and  only  the  lowest  order  terms  are  kept.  This  method  will  now  he  applied  to  Equa- 
tion (3.15). 

When  the  current  is  sero,  Iqustlon  (3.15)  reduces  to  G(pa)=0.  This  equation 
has  one  real  positire  root,  and  no  other  roots  in  the  half -plane  where  the  real  part 
of  p  is  positlre.  We  m^j  recall  that  the  assumption  that  the  real  part  of  p  is  posi- 
tive was  made  in  writing  the  solution  (2.19)  for  the  field  components  outside  the 
helix,  since  only  for  the  real  part  of  p  being  positive  will  the  K-type  of  Bessel 
function  decay  exponentially  at  Infinity.  The  one  real  positive  root  of  G(pa)=0 

will  be  called  p  ,  and  p  a  will  be  called  Z  . 
■^0*     '^o  0 

In  the  presence  of  the  beam,  the  roots  will  depart  only  slightly  from  p  . 
To  save  much  writing,  we  shall  Introduce  the  following  notation: 

pa  «  X  =  X  +6  (^.la) 

0 

k"a  =  X»  =  X  +  d  (J^.lb) 

0     0 

(ha)^  »  W  (i4.ic) 

h  a  B  V  (^.id) 

o 

b/a  =  XL  .  e+.le) 

Also,  the  longitudinal  propagation  constant  q,  which  appears  explicitly  in  a.,  will 

be  approximated  by  p.  This  is  consistent  with  the  small  velocity  approximation  that 

has  been  employed  to  derive  (3.15),  since  only  second  order  quantities  are  heglected. 

As  far  as  the  order  of  magnitude  of  the  quantities  in  (^.1)  are  concerned,  X  ,  v,  and 

u  are  of  «ero  order,  while  6  and  \'J  are  of  first  order.   The  qtiantity  d  will  generally 

be  small,  since  the  tube  is  usually  operated  with  the  electron  velocity  close  to  the 

velocity  of  the  unperturbed  waves,  but  to  achieve  generality  d  will  be  treated  as  of 

eero  order,  since  the  dispersive  character  of  the  tube  is  of  Interest  and  the  major 

frequency  dependence  of  the  roots  is  through  d 
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Haltlpl7  Bqnptlon  (3.15)  Vy  l^ij>h)/l-^{ipb).     The  right  hand  side  then  differ* 
from  unity  "by  a  quantity  of  order  8,  since  0(1)  ie  of  order  8.  Expanding,  the  right 
Bide  to  first  order  in  8  yields 


Vl^(a^h)   I^(pl)) 


1  . 


8G'(X^) 


uX^I  (uX^)I,(ta^) 

0  0    0   J.    0 


(^.2) 


In  this  equation  G'(X  )  denotes  the  derirative  of  G  with  respect  to  X  eraltiated  at 

I  =  X  ,  The  left  side  Bust  now  be  eipanded,  which  requires  expanding  a,  in  powers 
o  ••■ 

of  W  to  first  order,  Froa  Equation  (3.12a),  which  we  rewrite  using  the  notation 
(Jit.l),  we  find 


1  - 


(d^-8)^J 


1/2 


1  - 


(d 


W     1  -V2 


(^.3) 


This  expression  could  hecome  very  laxge,  "because  of  the  inverse  square  root  in  the 
second  factor.   However,  if  a-h  hecomeB  large,  the  Bessel  functions  involving  o^b 
on  the  lift  of  (^.2)  will  approximately  cancel,  and  the  factor  ^  in  the  denominator 
will  make  the  left  side  small,  while  the  right  side  is  of  order  unity.   Hence,  thsrs 
will  not  be  a  root  of  the  eqtifition  in  the  region  of  large  values  of  the  inverse  square 
root  in  cl,  .  Accordingly,  the  square  roots  In  (^.3)  nay  "be  expanded  by  binomial  theorem, 
and  only  first  order  terms  kept,  without  either  producing  or  losing  roots  in  the  equi- 
valent algebraic  equstion  as  compared  to  the  original  transcendental  equation.  When 
this  expansion  is  carried  out,  there  results: 

W7^ 


^p  ^ 


-I 


(d  -6)2  (d  -O^-v^ 
0        0 


] 


(^.^) 


^Tp   (1  +  e). 

The  Besael  functions  may  be  expanded  as  follows: 

i^Co^b)       TVp^   r  1 


(i+.5a) 


I  (pb) 


Il(pt) 


i7i:^-i-p^«  r(5b7 


(^.5b) 


and  in  the  coefficients  of  €  it  is  permissible  to  replace  pb  by  ul^,  since  only  second 
order  errors  are  thereby  conmitted.  Upon  inserting  these  results  into  the  left  hand 
side  of  (^^.2)  and  simplifying,  it  reduces  to: 
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Althotjgh  lq.uatlon  (3.15)  is  muoh  simpler  than  the  frill  equation  derived 
from  the  vaniflhing  of  the  determinant  of  Iquations  (3.10),  it  is  still  a  rather  in- 
Tolrdd  e^tiation  to  deal  with  as  far  as  complex  coots  are  concerned.  Hence,  it  would 
he  desirable  to  reduce  (3.15)  to  an  algebraic  equation.  The  method  of  d6in£  this 
has  heen  indicated  "bj  Friedman^  -^ ,  who  reduced  Eq.t»Btion  (3.16)  to  a  cubic.   In  the 
next  section,  the  method  will  "be  applied  to  (3.15)i  which  will  therehy  he  reduced 
to  a  qulntic, 

17.  Reduction  of  the  Transcendental  Equation 

The  basle  idea  of  Friedman's  method  is  to  regard  the  roots  of  the  trans- 
cendental equation  in  the  presence  of  the  heam  as  small  perturhaticns  of  the  roots 
in  the  absence  of  the  heam.   Hence,  the  roots  are  expanded  in  powere  of  the  current, 
and  only  the  lowest  order  terms  are  kept.  This  method  will  no*  "be  applied  to  Equa- 
tion (3.15). 

When  the  current  is  eero,  Iqustion  (3.15)  reduces  to  (J(pa)=0.  This  equation 
has  one  real  positive  root,  and  no  other  roots  in  the  half -plane  where  the  real  part 
of  p  is  positive.  We  m»y  recall  that  the  assumj^tion  that  the  real  part  of  p  is  posi- 
tive was  made  in  writing  the  solution  (2,19)  for  the  field  components  outside  the 
helix,  since  only  for  the  real  part  of  p  heing  positive  will  the  K-type  of  Bessel 
function  decay  exponentially  at  infinity.  The  one  real  positive  root  of  G(pa)=0 

will  he  called  p  ,  and  p  a  will  he  called  X  . 
■*^o'     ^o  0 

In  the  presence  of  the  beam,  the  roots  will  depart  only  slightly  from  p  , 
To  save  much  writing,  we  shall  introduce  the  following  notation: 

pa  «t  I  =  X  +6  (^.la) 

k'a  =  X«  «=  X  +  d  (^.Ib) 

0     0 

(hft)^  »  W  (ii.lc) 

h  a  »  V  (^.Id) 

o 

b/a  =  n  .  (^,le) 

Also,  the  longitudinal  propagation  constant  q,  which  appears  explicitly  in  a.,  will 

be  approximated  by  p.  This  Is  consistent  with  the  small  velocity  approximation  that 

has  been  employed  to  derive  (3.15),  since  only  second  order  quantities  are  heg-lected. 

As  far  as  the  order  of  magnitude  of  the  quantities  in  (^,1)  are  concerned,  X  ,  v,  and 

u  are  of  «ero  order,  while  6  and  v;  are  of  first  order.  The  quantity  d  will  generally 

be  small,  since  the  tube  Is  usually  operated  with  the  electron  velocity  close  to  the 

velocity  of  the  unperturbed  waves,  but  to  achieve  generality  d  will  be  treated  as  of 

«ero  order,  since  the  dispersive  character  of  the  tube  is  of  interest  and  the  major 

frequency  dependence  of  the  roots  is  through  d 
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Ifciltlply  Eqnfltlon    (3.15)  ty   I   (pl))/l^(p*).     The  right  hand  aid*  then  differs 
from  tmity  hy  a  quantity  of  order  6,   since  G(X)  is  of  order  6.     Expanding,    the  right 
Bide  to  first  order  in  8  yields 


Vl^(a^h)     I^(ph) 


1     . 


6G«(X  ) 


0    0         0       X         0 


(^.2) 


In  this  equation  G'(X  )  denotes  the  derirstive  of  0  with  respect  to  I  evaltiBted  at 

Z  s  X  .  The  left  side  naat  now  be  expanded,  which  requires  expanding  cl,  in  powers 
o  •»■ 

of  W  to  first  order.  Froa  Eqtiation  (3.12a),  which  we  rewrite  using  the  notation 
(k.l),   we  find 


1  - 


(d^-6)''J 


1/2 


1  - 


(d 


U-A 


-1/2 


(^.3) 


This  expression  cotild  become  very  large,  because  of  the  inverse  square  root  in  the 
second  factor.   However,  if  cub  becomes  large,  the  Besael  functions  Involving  a,b 
on  the  lift  of  (^.2)  will  approximately  cancel,  and  the  factor  &,  in  the  denominator 
will  make  the  left  side  small,  while  the  right  side  is  of  order  unity.  Hence,  there 
will  not  be  a  root  of  the  eqxietlon  in  the  region  of  large  values  of  the  inverse  square 
root  in  OL, .  Accordingly,  the  square  roote  in  (^.3)  B»y  be  expanded  by  binomial  theorem, 
and  only  first  order  terms  kept,  without  either  producing  or  losing  roots  in  the  equi- 
valent plgebraic  equation  as  compared  to  the  original  transcendental  equation.  When 
this  expansion  is  carried  out,  there  results: 


^p  j^ 


-I 


(d  -6)^  (d  -6)^-v^ 
0       o 


] 


{i*M 


-vp  (1  +  e). 
The  Bssael  functions  may  be  expanded  as  follows: 


I^Co^b) 
Il(pb) 


'*'  1  +  pbe 


l^i^TibT  ■  pb  J 


(^.5a) 


I  (pb) 


Il(pl>) 


i7^-i-p^«  iTib? 


(^.5b) 


ajid  In  the  coefficients  of  c  it  is  permissible  to  replace  pb  by  uX  ,  since  only  second 
order  errors  are  thereby  committed.  Upon  Inserting  these  results  into  the  left  hand 
side  of  (^.2)  and  simplifying,  it  reduces  to: 
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'  (d  .6)W       2  (4  .j)2r(4  .e)2.,2]   I,(nl^)li(nl^)        '        ^"'^^ 

0  0     *•  0        ^    . 

Xquatla^  this  to  the  rl^ht  hand  tide  of  (^.2),  dropping  th«  ones,  and  slightly  trana- 

fonaing,  yields 

>2  _2i 


6(d^-e)''|(d^-«)^-^| 


WvJlCrJi)lAvJ.) 

0  0    0   1    0 


0-(I„) 


This  eqtiation  is  a  quint ic,  since  the  left  side  is  of  fifth  degree  in  6.   It 
■ay  "he   written  Bore  simply  by  defining  coefficients  Q,  and  H,  defined  by: 

0'(X) 

0 

1  =   °  °   ^   ^   °  (i^.Sh) 

In  terms  of  Q  and  B,  the  quintic  (^.7)  may  he  written  in  the  form 

6(d^-6)^[(d^-6)2_v2]  +  qjj:d^-6)^-Ev^  =  0.  (4.9) 

The  coefficients  Q  and  H  are  poaitire. 

In  the  limit  as  the  DC  magnetic  field  and  thereby  r     tends  to  infinity, 
Equation  (4.9)  ahould  reduce  to  the  cubic  equation  derived  by  Friedman'--'.   The 
product  QB  is  equal  to  Friedman's  {,  but  the  result  of  taking  only  the  coefficient 
of  T  in  Equation  (4.9)  gives  an  equation  in  which  the  term  corresponding  to  Friedman's 
5  i*  missing.  However,  in  the  course  of  Friedman's  work  some  terms  of  order  higher  than 
the  first  are  kept,  so  this  lack  of  agreement  which  corresponds  to  such  a  tera  should  not 
be  considered  too  serious. 

A  slightly  simpler  equation,  whose  roots  have  the  same  imaginary  parts  as 
have  those  of  (4.9),  i«  obtained  by  introducing  a  new  variable  y  defined  by 

y  =  «  -  d^.  (4.10) 

The  resulting  quintic,  fully  written  out,  becomes: 

7^  +  d^y^  -  vV  +  (<l  -  doT^)y^  -  "^^^  =  0.  (^.11) 

The  nature  of  the  roots  of  this  equation  should  now  be  considered. 

Since  (4.11)  is  a  quintic  with  real  coefficients,  it  has  at  leaat  one  real 

root.  B«aote  the  left  aide  of  (4.11)  V  f(y).   Then  f(-oo)  ■  -co,  while  f (oo)  =oo. 

2 
Since  both  ^  and  E  are  positive,  we  have  f(0)  =  -QiRv  Is  negative,  and  hence  there  is 

at  least  one  real  positive  root. 
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We  shall  next  prove  that  f(y)  has  at  least  two  real  negative  roots,  so  that 
It  can  have  at  most  two  complex  roots.   The  proof  is  hased  on  the  nature  of  the  quantity 
R,  as  defined  "by  Equation  (it.8h).  The  important  fact  is  that  as  uX  ,  the  argniment  of 
R,  varies  from  zero  to  infinity,  R  decreases  steadily  from  unity  to  one-half.   This  may 
he  proven  most  simply  hy  a  direct  numerical  investigation.  Now  calculate  f(-v).  A 
direct  suhstitution  shows  that  f (-v)  =  Qv  (l-R)t  and  since  R  is  between  1  and  1/2  while 
Q,  is  positive,  f(-v)  is  positive.  Accordingly,  there  is  a  root  "between  -  oo  and  -v,  and 
another  root  "between  -v  and  zero.  These  two  roots  may  "be  expected  to  "beco-e  infinite 
as  V  "becomes  infinite. 

We  l-i8ve  now  proven  that  there  are  at  most  two  complex  roots  of  (A.  11),  which 
will  "be  complex  conjugates.   Only  one  of  these  will  correspond  to  an  amplified  wave. 
Accordingly,  we  have  obtained  the  important  result  that  the  presence  of  a  finite  mag- 
netic field  does  not  produce  new  amplified  waves.  Thus  the  major  effect^ if  any,  must 
be  in  changing  the  propagation  constant  of  the  single  amplified  wave.  An  analysis  of 
this  effect  will  appear  in  a  later  paper. 

The  qulntic  (^.11)  may  be  brought  into  the  same  form  as  Pierce's  q.uintic. 
This  requires  only  some  transposition  of  terms  ajid  some  division.   However,  more  effects 
iiave  been  taken  into  account  in  (^.11)  than  in  Pierce's  corres;  onding  equa.tion.   The 
cylindrical  nature  of  the  system  and  the  solid  nature  of  the  beam  have  been  considered. 
The  longitudinal  and  transverse  fields  have  been  considered  together  since  they  are  re- 
lated by  Maxwell's  equations,  while  Pierce  considers  the  two  separately  and  introduces 
an  arbitrary  constant  to  denote  their  ratio.  Finally,  the  nature  of  the  approximations 
used  in  the  theory  have  all  been  made  pxplicit. 

In  Bumniary  and  conclusion;  An  analysis  has  been  performed  of  the  effects  of 
the  finite  DC  magnetic  field  in  traveling-wave  tubes.   The  Maxwell  equations  have  been 
solved  in  Section  II,  yielding  the  internal  solution  (2.18),  and  the  external  solution 
(2.19).   The  bo^indary  conditions  have  been  applied  in  Section  III,  winding  up  with  the 
transcendental  equation  (3.15).   In  Section  IV,  this  transcendental  equation  has  been 
reduced  to  the  quintic  (^.11).   It  was  shown  that  this  quintic  has  at  least  three  real 
roots,  and  hence  that  no  new  amplified  waves  are  generated  by  the  finiteness  of  the  DC 
field  and  the  resultant  transverse  motions  of  the  electrons.  The  numerical  analysis  of 
(ii.ll)  to  give  the  dependence  of  the  gain  UDon  the  magnetic  field  will  be  performed  in 
a  later  paper. 
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